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Predicting long-term mean pollutant concentrations in the vicinity of airports, roads and other industrial
sources are frequently of concern in regulatory and public health contexts. Many emissions are represented geometrically as ground-level line or area sources. Well developed modelling tools such as
AERMOD and ADMS are able to model dispersion from ﬁnite (i.e. non-point) sources with considerable
accuracy, drawing upon an up-to-date understanding of boundary layer behaviour. Due to mathematical
difﬁculties associated with line and area sources, computationally expensive numerical integration
schemes have been developed. For example, some models decompose area sources into a large number
of line sources orthogonal to the mean wind direction, for which an analytical (Gaussian) solution exists.
Models also employ a time-series approach, which involves computing mean pollutant concentrations
for every hour over one or more years of meteorological data. This can give rise to computer runtimes of
several days for assessment of a site. While this may be acceptable for assessment of a single industrial
complex, airport, etc., this level of computational cost precludes national or international policy
assessments at the level of detail available with dispersion modelling. In this paper, we extend previous
work [S.R.H. Barrett, R.E. Britter, 2008. Development of algorithms and approximations for rapid operational air quality modelling. Atmospheric Environment 42 (2008) 8105–8111] to line and area sources.
We introduce approximations which allow for the development of new analytical solutions for long-term
mean dispersion from line and area sources, based on hypergeometric functions. We describe how these
solutions can be parameterized from a single point source run from an existing advanced dispersion
model, thereby accounting for all processes modelled in the more costly algorithms. The parameterization method combined with the analytical solutions for long-term mean dispersion are shown to
produce results several orders of magnitude more efﬁciently with a loss of accuracy small compared
to the absolute accuracy of advanced dispersion models near sources. The method can be readily
incorporated into existing dispersion models, and may allow for additional computation time to be
expended on modelling dispersion processes more accurately in future, rather than on accounting for
source geometry.
Ó 2009 Elsevier Ltd. All rights reserved.
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1. Introduction
Operational dispersion modelling on the local scale (w10 km) is
frequently performed to analyze compliance with air quality
regulations and/or to assess potential public health impacts of new
developments or policies. A recent example is the UK Department
for Transport (2006) analysis of Heathrow Airport, UK. Violation of
the planned annual average NO2 ambient air quality standard was a
major concern at Heathrow, but – partially on account of dispersion
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(R.E. Britter).
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modelling results – the UK Government has since proposed
expansion of Heathrow (UK Department for Transport, 2007).
There are a number of widely used operational dispersion
models applied in a regulatory or policy analysis context. Examples
include ADMS (CERC, 2004; Carruthers et al., 1994, 1999; McHugh
et al., 2001); AERMOD (Cimorelli et al., 2004); and LASAT (Janicke
Consulting, 2009)1. Other models are listed, for example, on the US
Environmental Protection Agency website.2

1
Also see http://www.austal2000.de for information on the related AUSTAL2000
model.
2
EPA Dispersion Modeling website. URL:http://www.epa.gov/scram001/
dispersionindex.htm.
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ADMS and AERMOD can be described as Gaussian plume
models, while LASAT is a Lagrangian model. All have been widely
applied and evaluated against experimental results demonstrating
predictions of considerable accuracy (Carruthers et al., 1999; Hanna
et al., 2001; McHugh et al., 2001; Perry et al., 2005; Hirtl and
Baumann-Stanzer, 2007), but may require runtimes of hours to
days. Runtime considerations are particularly acute when modelling long-term mean concentrations associated with arrays of area
sources. For example, one-year simulations of Heathrow Airport,
London, UK, using ADMS and AERMOD each took approximately
one week in the UK Department for Transport (2006) Project for the
Sustainable Development of Heathrow.
Estimating dispersion from point sources remains rapid in the
sense that their simulation is not practically constrained by runtime
concerns. However, due mathematical difﬁculties associated with
accounting for line and area source geometry – particularly
considering oblique wind directions – computationally expensive
numerical integration is generally required. In the case of Gaussian
line sources (i.e. a line source formed by integration of Gaussian
point sources), an analytical solution is known for the case of
a normal wind (Pasquill and Smith, 1983). No exact solution exists
for oblique winds, but approximate solutions valid over a range of
wind angles and receptor locations have been developed (Calder,
1973; Luhar and Patil, 1989; Esplin, 1995; Venkatram and Horst,
2006).3 These approximations can help in making long-term mean
calculations more tractable, although switching between approximate solutions and numerical integration is necessary at certain
wind directions. We are not aware of any similar mathematical
approximations for oblique area sources or any approximations
that directly yield long-term mean concentrations from line or area
sources.
While direct application of advanced dispersion models such as
AERMOD or ADMS may be tractable for detailed policy analyses at
speciﬁc sites, this is not so for large-scale national or international
policy assessments. For example, the authors are currently working
on assessing local air quality impacts of airports globally, now and
for future growth scenarios (Reynolds et al., 2007). This motivates
our development of rapid methods of approximating long-term
mean dispersion from line and area sources, as are appropriate for
representing runways, terminal areas, etc. The purpose of this
paper is to extend Barrett and Britter (2008), hereafter referred to
as BB08, to develop a computationally efﬁcient algorithm with
supporting mathematical techniques for estimating long-term
mean dispersion from line and area sources.
2. General approach
This section will describe our overall mathematical and algorithmic approach for approximating the long-term mean groundlevel pollutant concentration, CcðxÞD, due to a general source. We
restrict ourselves to spatially constant emission rates, but allow for
temporal correlation between emission rates and meteorology.
Following sections will show how the general approach is applied
to line and area sources, resulting in analytical solutions for longterm mean dispersion.

identiﬁed by t is denoted x(t). The plume direction (wind
direction þ 180 ) is denoted by q and the emission rate per unit
length or area by q. We assume dispersion calculations account for
some vector of meteorological variables, m, which may include
wind speed, friction velocity, Monin–Obukhov length, etc. We
assume that a dispersion kernel cp(.) calculates the ground-level
pollutant concentration due to a unit strength point source as
a function of plume direction and meteorological variables. Evaluation of cp(.), in general, implies execution of an algorithm.
2.2. Conventional approaches
2.2.1. Time-series approach
Many current operational dispersion models calculate longterm mean concentrations by taking a time-series of meteorological observations, each averaged over a period DT, and evaluating
the dispersion kernel for each period, i.e.

hcðxÞi ¼

Also see the line source modelling review by Nagendra and Khare (2002).

qi cp ðqi ; mi ; x  xðtÞÞdt;

(1)

2.2.2. Direct statistical approach
If the joint probability density function, p(q, m, q), can be
computed, then the mean ground-level concentration due to a general
source of constant spatial strength is given by the convolution over
elements constituting the source

hcðxÞi ¼

Z Z Z Z

pðq;m;qÞqcp ðq;m;xxðtÞÞdqdtdqdm:

(2)

Statistical approaches similar to this, along with the assumptions implicit in this type of dispersion modelling, have been
discussed by Calder (1976) and Martin (1971). In this notation each
nested integration would translate computationally into a loop
structure (for-loop, etc.) with appropriate discretization of variables. Nested loops give the expected multiplicative increase in
execution time. The notation of integration over a vector implies
the number of nested loops associated with the length of the vector.
We note that a time-series approach is less efﬁcient (or at best
equally efﬁcient) as compared to a statistical approach due to
possible duplication of calculations. However, in some contexts d
such as detailed analysis of speciﬁc pollution episodes associated
with low wind conditions d time-series approaches remain the
only practical method.

2.3. Application of rapid modelling techniques
2.3.1. The dispersion impact parameter
As a conceptual tool, we previously described a ‘dispersion
impact parameter’ (BB08), deﬁned as

Iðq; mÞ ¼

3

Z

where i ¼ 1, ., N index the time periods. Usually DT ¼ 1 h and N is
a multiple of 8760 (i.e. one or more years). Note that the inner
(generally numerical) integration is over spatial dimensions t for
each time-step.

2.1. Notation
A spatial location is speciﬁed by the vector x, while an element
of a source is identiﬁed parametrically by a vector of variables t.
Typically t would contain one member for a line source, or two for
an area source, etc. The spatial location of an element of a source

N
1X
N i¼1

Z



~ q
~ dq
~;
p q; m; q

(3)
R

~ normalized such that pðq
~ Þq
~ dq
~ ¼ 1. Conceptually, the
with q
dispersion impact parameter quantiﬁes the average impact a unit
strength source has in each wind direction. Note that due to the
deﬁnition of the dispersion impact parameter, all analyses that follow
account for correlation between meteorological conditions and
emissions. Given an emissions scaling q, using the pre-computed
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dispersion impact parameter reduces the number of nested loops
by one:

hcðxÞi ¼

Z Z Z

Iðq; mÞqcp ðq; m; x  xðtÞÞdtdqdm:

(4)

2.3.2. Receptor lateral dispersion averaging approximation
In BB08 we introduced the lateral dispersion averaging approximation (LDAA), which is similar to the sector averaged approach as
applied in the ASPEN model (US EPA, 2000). This result is applicable
when calculating long-term mean pollutant concentrations and
allows a signiﬁcant computational saving. A reference case described
in BB08 demonstrated a reduction in computational cost by two
orders of magnitude in exchange for a 2% error on an area-based
metric. We will term this approximation ‘Receptor LDAA’ to distinguish it from a ‘Source LDAA’ that will be developed in this paper.
Receptor LDAA requires that a point source dispersion kernel
can be multiplicatively decomposed into a vertical and lateral
component, i.e.

cp ðm; x; yÞ ¼ cv ðm; xÞ cl ðm; x; yÞ

(5)

|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ} |ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
vertical

lateral

in conventional plume aligned coordinates for ground-level
concentrations. The result of Receptor LDAA is that the need for
integrating over wind directions is avoided provided that the point
source dispersion kernel is replaced by the vertical dispersion
kernel, divided by the distance from the source, which for general
sources give

hcðxÞi ¼

Z Z

Iðq; mÞq

cv ðm; jx  xðtÞjÞ
jx  xðtÞj

dtdm;

(6)

where q is the plume angle corresponding to the vector x  x(t)
(BB08).
Lateral dispersion tends to smooth-out the angular changes in
concentrations away from the source as compared to angular
changes in the dispersion impact parameter. BB08 shows that this
can be accounted for by convolving the dispersion impact parameter with the lateral dispersion kernel, i.e.

Iðq; mÞ ¼ I cl ¼

ZN


 

q; m cl ~q; m d~q;
I q~

(7)

N

where Iðq; mÞ is a ‘smoothed dispersion impact parameter’. In this
q; mÞ is the value of cl at any (x, y) which makes an angle
notation cl ð~
~
q with the plume centre-line. For Source LDAA to be introduced
presently, an analogous smoothing operation is required.
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where q(x) denotes an effective plume direction at location x for the
source of interest. Sections 3 and 4 will develop analytical solutions
ca(.) for line and area sources, respectively, based on the functional form of cv(.) described in section 2.4.
Fig. 1 schematically contrasts the two lateral dispersion averaging
approximations. Receptor LDAA derived in BB08 was concerned with
assuming changes in I(q, m) across the width of a plume at the
receptor can be neglected. Source LDAA proposed here is conceptually the opposite – changes in I(q, m) are neglected across the
source from the receptor’s perspective.
As described in section 2.3.2, Receptor LDAA can be improved by
smoothing the dispersion impact parameter with an averaging
angle approximately equal to the plume angle. This smoothing
operation accounts for lateral dispersion and was mathematically
derived in BB08 for a point source. If we now consider general
(e.g. area) sources, where Source LDAA is useful, an analogous
smoothing operation is required to approximately capture the effect
of the range of upwind angles inﬂuencing a particular receptor. The
appropriate averaging algorithm will depend on the speciﬁc source
geometry, but in general the dispersion impact parameter and
vertical dispersion kernel should be smoothed over the range of
upwind angles extending from a source to a particular receptor.
Comparing Eq. (9) to where we started – Eq. (2) – the expected
number of dispersion algorithm executions could be reduced by
a factor O(n(q)  n(q)  n(t1)  n(t2)  .), where n($) denotes the
number of discretizations applied and t1, t2, etc., are the members of
t. For example, the number of dispersion algorithm executions
associated with an area source involving ﬁve discretized emission
levels, 36 wind directions, and a 10  10 grid representing the
source could be reduced by a factor of 5  36  10  10, i.e. about
99.99%. We expect operationally realized computational savings to
be degraded from this as pre-processing and execution time for
ca(.) have not been accounted for.
2.4. Functional form and parameterization
In order to make further progress analytically, it is necessary to
specify the functional form of the vertical dispersion kernel for
ground-level concentrations and to restrict our attention to speciﬁc
source geometries. This will enable us to apply Source and Receptor
LDAA to develop analytical approximations for long-term mean
dispersion from ground-level line and area sources under idealized

2.3.3. Source lateral dispersion averaging approximation
We now propose the approximation that, for each receptor, we
can neglect changes in the dispersion impact parameter over angles
extending from the source to the receptor. Thus for each receptor
we propose evaluating I(q, m) once at an effective angle, such as the
angle from the receptor to the centre of the source. We term this
‘Source LDAA’.
This approach has utility where the functional form of of cv(.)
can be speciﬁed in such a way as to allow analytical evaluation of

ca ðm; xÞ ¼

Z

cv ðm; jx  xðtÞjÞ
jx  xðtÞj

dt:

(8)

In cases where this can be achieved, the nested computations
required have again been further reduced so that

hcðxÞi ¼

Z

IðqðxÞ; mÞqca ðm; xÞdm;

(9)

Fig. 1. Graphical depiction of Receptor and Source LDAA with angles over which the
two-dimensional dispersion parameters are smoothed.
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conditions. We then describe an operational approach to parameterize solutions based on a single run of an existing advanced
dispersion model.

number of nested numerical integrations required, then Source
LDAA to allow development of an analytical approximation of longterm mean dispersion.

2.4.1. Functional form
For the current work we have selected the functional form

3.1. Direct statistical approach

cv ðxÞ ¼

A
:
xs

(10)

as this proves mathematically tractable and considerable experimental evidence supports a power-law decay exponent w1/xs for
two-dimensional dispersion, e.g. Britter et al. (2003). Additionally,
the K – theory theoretical framework supports a decay of the form
w1/xs, with s constant (Pasquill and Smith, 1983). However, some
formulations give rise to what can be interpreted as a decay
exponent which varies slowly with distance, e.g. as in AERMOD
(Cimorelli et al., 2004). Where this is the case, we consider the
concentration decay to locally behave as w1/xs, where A and s take
on locally accurate constant values. This introduces error to only
the extent that A or s change over the upwind length of a source
from the perspective of a speciﬁc receptor.
2.4.2. Operational parameterization method
While theoretical approaches for determining I, A and s directly
may be developed (e.g. from K – theory), for the purposes of the
current paper we describe an operational approach which makes
use of existing advanced dispersion models. This method requires
one additional assumption: That long-term average concentrations
from a point source can locally be approximated by Eq. (10).
The method requires a single dispersion model run for one or
more years of meteorological data, applied to a single ground-level
point source in a polar coordinate system to produce an M  N matrix
of concentration estimates C, where there are i ¼ 1, ., M plume
directions, T, and there are j ¼ 1, ., N receptor distances from the
point source, R. The dispersion model run would be for an average
source strength Qp, and have the desired temporal emissions proﬁle.
If a time-series dispersion model is used, e.g. AERMOD, then I(q,
m) is not required as its effects are incorporated into C. We thus
only need parameterize A and s. This is done at discrete locations in
matrices A and s, which are of size M  (N  1). A and s are assumed
locally constant. It follows from the chosen functional form [i.e.
Eq. (10)], they take on values

si;j ¼



log Ci;j =Ci;jþ1
C

  10Ai;j ¼ i;j Rsj i;j þ1 :
Qp
log Rjþ1 =Rj

Consider the line source of width w at an angle g to the Y-axis
shown in Fig. 2. Geometric considerations give the annual average
concentration from application Eq. (2) as

hcðX; YÞi ¼

Z Z Z

w Zcos g

ðq=cos gÞðq; m; qÞ

0



~ tan g; Y  Y
~ dYdqdmd
~
q;
 cp q; m; X  Y

where cp is the dispersion kernel for a point source of unit strength
and q/cos g is the source strength per unit length, q, projected onto
the Y-axis over which the integration is performed.

3.2. Application of Receptor LDAA
We now apply Receptor LDAA to simplify the calculation of longterm mean dispersion from line sources. Given a vertical dispersion
kernel cv and a dispersion impact parameter I(q, m), application of
Receptor LDAA gives

q
hcðX; YÞi ¼
cos g

Z

wZcos g

Iðq; mÞ

cv ðm; xÞ ~
dYdm;
x

(12)

0

where x ¼



XI2 þ YI2

8
< qI ;
q ¼ qI þ p;
:
qI þ 2p;

1=2

~ tan g; YI ¼ Y  Y;
~
; XI ¼ X  Y

XI  0 and YI  0;
YI < 0;
XI < 0 and YI  0;

(13)

and qI ¼ tan1(XI/YI). This approach is necessary as tan1(,) does not
retain information about quadrants. For example, tan1(/) ¼
tan1(þ/þ), which would give an angle for quadrant I when quadrant III was intended. Note that the x  y frame translates and rotates
along the line source as the integration proceeds, with the x pointing
towards (X, Y). This is on account of the implication of Receptor LDAA

The – 1 arises to recover two-dimensional decay from a threedimensional model output. Given a mean pollutant emission rate
Q (recalling that correlation between meteorology and emissions are
incorporated into the parameterization run), the mean pollutant
concentration is given by CcD ¼ Q ca =Qp, with ca as per Eq. (8), A and s
interpolated from A and s after pre-smoothing over upwind angles
which inﬂuence a particular receptor.
We emphasize here the key computational saving: by developing an analytical solution for line and area sources under isotropic
meteorological conditions, and applying the operational parameterization, we reduce the computational requirements from lengthy
nested numerical integration and repeated calculation to evaluation
of an analytical equation and a single (rapid) point source dispersion calculation.
3. Line source modelling
We now apply the general approach of section 2 to the case of
a line source. We begin by applying Receptor LDAA to reduce the

(11)

Fig. 2. Schematic of a line source at angle g and width w.

S.R.H. Barrett, R.E. Britter / Atmospheric Environment 43 (2009) 3249–3258

that only elements of sources directly upwind need to be considered
for calculating long-term mean dispersion.
3.3. Application of Source LDAA
Here we determine the analytical solution for long-term
dispersion from a ﬁnite line source in isotropic meteorological
conditions. The parameterization method described in section 2.4
will allow us to relax this assumption upon application.
The geometry of a (spatially) constant strength line source is
shown in Fig. 2. Invoking the approximation of sections 2.3.3 and
2.4, the annual average concentration is given by evaluation of
Eq. (9), where ca is given by Eq. (8) and cv is given by Eq. (10), i.e.

ca ðX;YÞ ¼

A
cos g

wZcos g

2 

2  sþ1
2
~ tan g þ Y  Y
~
~
X Y
dY;

(14)

A tan1

ca ðX;YÞjs¼1 ¼

h

X sin gþY cos g
X cos gY sin g

i

tan1

h

X sin gþY cos gw
X cos gY sin g

X cos g Y sin g

io
:
(15)

This corresponds to a three-dimensional version of the neutral
stability uniform boundary layer solution found by Calder (1952),
which was used to simply demonstrate application of Receptor
LDAA in BB08.
We now examine the more realistic case of s < 1 (with s ¼ 1
integration of cv to represent an area source results in inﬁnite
ground-level concentrations). To simplify notation we set g ¼ 0 and
rewrite Eq. (14) as



2 
~
X 2 1 þ Y=X
 Y=X



sþ1
2

where

w0

X

Zw0 h
s

1þt

2

i

sþ1
2

"

sþ1

Y 2F1

1 s þ 1 3 Y2
;
; ;
2 2 2 X2

!

ðY  wÞ2
1 sþ1 3
;
; ;
2 2 2
X2

!#
;

(16)

where 2F1(.) is Gauss’s hypergeometric function (Abramowitz and
Stegun, 1964). This solution can, of course, be rotated and translated
straightforwardly. Note the property of the hypergeometric
function

1 3
; 1; ; t 2
2 2



dt;

N

A G 2 p
;
ca ðXÞ ¼
s
X G sþ1

(17)

where G($) is the Gamma function (Abramowitz and Stegun, 1964).
For example, if s ¼ 0.8 (a typical value), then ca(X) ¼ 3.68AjXj0.8. This
result agrees with our intuition that the wXs law transfers from twodimensional dispersion to three-dimension dispersional for an inﬁnite
source, except with a correction factor that accounts for a component
of off-normal winds contributing to the overall mean concentration.
4. Area source modelling
We now apply the general approach of section 2 to the case of
area sources. We begin by applying Receptor LDAA to reduce the
number of nested numerical integrations required. This is described
for arbitrary area sources. Source LDAA will then allow development
of an analytical approximation of long-term mean dispersion from
rectangular area sources, drawing upon results of section 3.
4.1. Direct statistical approach

hcðX; YÞi ¼

Z Z Z Z Z

pðq; m; qÞ
(18)

4.2. Application of Receptor LDAA to arbitrary area sources

 ðY  wÞ2 F 1

2F 1

sþ1
2

dt;

0

A
X

i



~ Y Y
~ dqdXd
~ Yd
~ qdm:
 qcp q; m; X  X;

¼ (w  Y)/X. From this we ﬁnd that

ca ðX; YÞ ¼

1 þ t2

which yields

0

ca ðX; YÞ ¼

X

s

Given some pollutant emission rate q the annual mean pollutant
concentration is given by the convolution of Eq. (2) over X and Y as in

~
dY:

~
~
Using the change of variable t ¼ Y=X
 Y=X0dt ¼ dðY=XÞ
results in

A

ZN h

A

ca ðX; YÞ ¼

2

where the power of a half arises from determining the length
jx  x(t)j.
The integral [Eq. (14)] can be expressed in closed form. We ﬁrst
consider the limiting case of s ¼ 1. Integration and algebraic
rearrangement results in

Zw

represented by a power-law decay, it is exact in cases where the I(q,
m) is isotropic (i.e. constant in q), or can be approximately applied
when I(q, m) varies angularly using Source LDAA. In the form presented, it can be directly applied in all quadrants.
While ﬁnite sources are of practical interest, inﬁnite sources are
of some theoretical interest. The solution for long-term mean
dispersion from an inﬁnite line source, assuming isotropic meteorological conditions, can be analytically expressed by evaluation of

 s pﬃﬃﬃ

0

ca ðX; YÞ ¼ A
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¼ t 1 tan1 t

(Abramowitz and Stegun, 1964) relates Eq. (16) to the uniform
boundary layer case of Eq. (15).
Eq. (16) is an analytical solution for long-term mean dispersion
from a line source. To the extent that vertical dispersion is

We now apply Receptor LDAA to simplify the calculation of longterm mean dispersion from arbitrary area sources. Fig. 3 shows an
example area source, and deﬁnes r as the upwind distance to the
leading edge of the area source, and l as the upwind length of the
area source. Both r and l are functions of receptor location and
plume direction. These variables are of relevance as Receptor LDAA
implies that, for calculating long-term mean concentrations, only
source elements directly upwind need to be considered when
integrating over the dispersion impact parameter.
We change to polar coordinates (q, x), where q is the plume
direction and x is the distance from the upwind leading edge of the
area source to a source element of area dx  (r  x)dq. The annual
average concentration due to an area source is thus given by

hcðX; YÞi ¼

Z Z Z

Iðq; mÞ

cv ðr  x; mÞ
rﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ
 x ﬄ}
|ﬄﬄﬄﬄﬄﬄﬄﬄ

Receptor LDAA

 q  ðr  xÞdxdq dm:
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Emission rate

(19)
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A conceptually similar approach was also described by Chitgopekar et al. (1990) for short-term dispersion from area sources.
They used a probability density function p(q) to represent wind
direction ﬂuctuations on a short time-scale, the direction in which
cs acted varied according to this.
In the case where dispersion from ground-level sources is
parameterized as per section 2.4, Eq. (20) can be analytically evaluated. Calculation of the annual mean concentration is thus given by

hcðX; YÞi ¼ q

Z Z

Iðq; mÞ

i
A h 1s
 ðr  lÞ1s dqdm:
r
1s

(22)

A and s are evaluated at an effective value, e.g. at x ¼ l/2.
4.3. Application of Source LDAA

Fig. 3. Schematic of calculation of l and r for a particular receptor (X, Y) ¼ (X1, Y1) at
angle q. The polar nature of the coordinate system is indicated by dq, over which the
integration is performed.

We now invoke the approximation of sections 2.3.3 and 2.4 to
develop an analytical solution for long-term three-dimensional
dispersion from rectangular area sources. We begin with the ﬁnite
line source solution developed in section 3.3 [Eq. (16)]. Taking the
limit 1=w/0 yields a solution for a semi-inﬁnite line source:

cl ðX;YÞ ¼
Note that (r  x) cancels – i.e. the polar weighting balances the
additional decay factor due to three-dimensional dispersion introduced by Receptor LDAA.
We deﬁne the impact of an angular area source slice under the
Receptor LDAA approximation as

cs ðr; lÞ ¼

Zl

cv ðxÞð1  r=xÞdx;

"

A
X

Y 2F1

sþ1

!

XG

 s pﬃﬃﬃ#

p
1 sþ1 3
;
; ; 2 
2sþ1 :
2 2 2 X
2G 2
Y2

We then integrate this in X to obtain the indeﬁnite integral

cA1 ðX;YÞ ¼

A

(  s pﬃﬃﬃ
p
XG
2
 þYð11=sÞ
s1

G 2
ð1sÞ2 X s
!
!#)
"
1 sþ1 3 Y 2
s sþ1 s
Y2
;
 s 2F 1 ;
; ; 2  2 F 1 ;
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(24)

0

which for many practical dispersion kernels can be analytically
evaluated. Note that this a solution for two-dimensional dispersion
from an area source of length l. We have now reduced the ﬁve
nested numerical integrals of Eq. (18) to two, i.e.

hcðX; YÞi ¼ q

(23)

Z Z

Iðq; mÞcs ðr; lÞ dqdm:

(21)

In cases where the concentration on the area source is required,
l ¼ r is taken as the distance from the upwind edge of the area source.
We compare the result of Eq. (21) to the ‘narrow plume assumption’, probably described ﬁrst in an unpublished note by K.L. Calder and
F.A. Gifford, 31 Dec. 1969, see Gifford and Hanna (1970); Calder (1976).
The narrow plume assumption proposed that the two-dimensional
dispersion kernel be used directly downwind of area sources, which is
consistent with Eq. (21). It was derived rather differently; the key steps
were to assume lateral dispersion according to a Dirac delta function
and that emissions and meteorology are statistically independent. We
have provided what can be interpreted as an alternative derivation of
the narrow plume assumption, but allowing for correlation between
meteorology and emissions, and accounting for lateral plume dispersion if the smoothed dispersion impact parameter is applied.

valid for X > 0. To see how the indeﬁnite integral is used, consider
the concentration at (X0, Y0) due to a semi-inﬁnite ‘strip’ extending
from the X – axis to inﬁnite Y and from X ¼ 0 to X ¼ l (l < X0). The
concentration at (X0, Y0) is given by the convolution of semi-inﬁnite
line sources, i.e.

Zl





~ Y dX
~ ¼ c ðX  l; Y Þ  c ðX ; Y Þ;
cl X0  X;
0
0
A1 0
A1 0 0

0

which has been expressed in terms of Eq. (24).
In order to determine concentrations on the edge of the area
source, a solution at X ¼ 0 will be needed. The singularity at X ¼ 0 in
Eq. (24) is removable: taking the limit X/0 gives

pﬃﬃﬃ
Y 1s GðsÞGð2s þ 1 p
cA0 ðYÞ ¼ 
:
 
Gðs þ 1Þ
ð1  sÞG sþ1
2

(25)

To simplify the description of the mathematics, we have
considered only X > 0 and assumed the source and receptors are in
quadrant I. The indeﬁnite solutions on and away from the removable singularity are used to construct the required solution by

8
½cA1 ðX 0  L; Y 0 Þ  cA1 ðX 0 ; Y 0 Þ  ½cA1 ðX 0  L; Y 0  wÞ  cA1 ðX 0 ; Y 0  wÞ;
>
>
>
>
½c ðY 0 Þ  cA1 ðX 0 ; Y 0 Þ  ½cA0 ðY 0  wÞ  cA1 ðX 0 ; Y 0  wÞ;
>
>
< A0
ca ðY; X; L; wÞ;
ca ðX; Y; w; LÞ ¼
0
0
0
0
0
0
0
>
> ½cA0 ðY Þ  cA1 ðX ; Y Þ  ½cA1 ðw  Y ; X Þ  cA1 ðw  Y ; X  LÞ;
>
0
0
0
0
0
0
>
>
½c ðY Þ  cA1 ðX ; Y Þ þ ½cA0 ðY Þ  cA1 ðL  X ; Y Þ
>
: A0
½cA1 ðw  Y 0 ; X 0 Þ  cA1 ðw  Y 0 ; X 0  LÞ;

X0
X0
Y0
X0

> L;
¼ L; Y 0 ¼ w;
w
¼ L;

X 0 > 0;

(26)
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superposition. The long-term mean concentrations due to an area
source centered on (0, 0), of length L along the X – axis and w along
the Y – axis can be estimated using
where X0 ¼ jXj þ L/2 and Y0 ¼ jYj þ w/2 and the ﬁrst case matched
is taken.
We note a conceptual interpretation for the cases in Eq. (26). The
ﬁrst case corresponds to the receptor being to the east or west of the
area source.4 Given the mapping to quadrant I, the indeﬁnite solution
for a semi-inﬁnite area source can be most directly applied. The ﬁrst
term in square brackets corresponds to a semi-inﬁnite area source
starting from the X – axis. From this a second source shifted north by
w is subtracted. In the second case, the receptor is on a corner, and cA0
is used where the source meets the receptor. The third case corresponds to a receptor to the north or south of the area source. The basic
solution [Eq. (24)] cannot be directly applied here, so we recursively
evaluate ca with X and Y-related variables swapped. This then maps to
the ﬁrst case with variables swapped. The forth case corresponds
to receptors on the east or west area source edge, again cA0 is applied
to evaluate the upper limit of the integral and cA1 the lower limit.
Finally, the last case corresponds to a receptor on the area source. For
this the area source is split into two, with analogies to the third case
being applied for the portion to the east and west, but with coordinate
directions and source geometrical parameters altered accordingly.
5. Results and discussion
5.1. Analytical solutions

Fig. 4. Analytical solution for long-term mean dispersion from a line source of width
w ¼ 4000, with I ¼ A ¼ 1, s ¼ 0.8 (arbitrary units).

We now present example analytical results for line and area
sources. Evaluation of Gauss’ hypergeometric function was based
on the algorithm of Zhang and Jin (1996). Prototype implementation was in MATLAB 7.7 (The MathWorks, 2008). We take A ¼ 1,
s ¼ 0.8 and I ¼ 1 (i.e. isotropic meteorological conditions) on
a 61  61 grid of receptors for these examples. Fig. 4 depicts longterm mean concentrations due to a line source as calculated by Eq.
(16), and Fig. 5 shows an example result from the area source
solution [Eq. (26)]. The computer runtimes for the line and area
source algorithms were 1.7 and 5.0 s, respectively.
We now compare the new three-dimensional analytical line and
area source solutions to the classical two-dimensional solutions for
cross-wind line and area sources. Our motivation here is primarily
validation.
As has been well established, given a two-dimensional crosswind line source decay law of w1/Xs (as is compatible with the
assumed functional form in the present paper), the corresponding
short-term two-dimensional area source solution is of the form of
the integrand in Eq. (22), e.g. Pasquill and Smith (1983) or Lebedefe
and Hameed (1975) and K.L. Calder’s comment on the article.
Speciﬁcally, the concentration due to an inﬁnite cross-wind area
source extending from X ¼ 0 to X ¼ l is given by

8
Zl 
>
s
>
>
1s
>
~
~
>
X

X
dXfX
 ðX  LÞ1s ;
>
>
>
>
<0
cðXÞf ZX 
s
>
>
1s
~
~
>
XX
dXfX
;
>
>
>
>
>
>
0
:
0;

assumed. Then on the area source concentrations grow as wX1s,
before decaying rapidly after the area source by superposition of
a shifted negative source.
In order to compare the well known two-dimensional solutions
for short-term dispersion with our new three-dimensional solutions
for long-term dispersion for line and area sources, we superpose
two cases of the two-dimensional short-term solution: one where
the wind is blowing in positive X – direction, and one in negative X –
direction, with both cases centred on X ¼ 0. The resulting solutions

X > l;

0  X  l;
X < 0;

where the wind is from the negative X – direction. The interpretation is that upwind of the area source, zero concentrations are

4
For the purposes of this conceptual explanation ‘north’ corresponds to the
positive Y0 – direction, not a geographic orientation.

Fig. 5. Analytical solution for long-term mean dispersion from an area source of width
w ¼ 2000 and length l ¼ 4000, with I ¼ A ¼ 1, s ¼ 0.8 (arbitrary units).

3256

S.R.H. Barrett, R.E. Britter / Atmospheric Environment 43 (2009) 3249–3258

Fig. 7. Classic two-dimensional area source solutions for wind blowing to the left and
right summed and in comparison with the two-dimensional hypergeometric area
source solution for an area source of length 20,000 into the page and 3000 along the X
– axis (arbitrary units). Concentrations have been normalized.

We now apply the methods developed to a simpliﬁed reference
example of Heathrow Airport, London, UK to provide a ﬁrst demonstration of the application of the methods. We consider NOx emissions
from aircraft on the ground at Heathrow Airport, UK. The total

ground-level aircraft NOx emissions for 2002 totaled 1768 tonnes,
corresponding to a mean emission rate of Q ¼ 0.0561 kg1 (Underwood et al., 2004). The meteorological data used is also for 2002. We
apportion all emissions to a single 2 km  2 km area source to facilitate comparison, and examine a 6 km  6 km domain with a receptor
resolution of 100 m.
The analytical approach developed in this paper [Eq. (26)] was
applied. A single AERMOD point source run was used to parameterize A and s with T ¼ {0, 10, ., 350}  , and R ¼ {50, 100, 500, 1000,
5000, 10,000, 25,000} m (see section 2.4). A full time-series
AERMOD area source calculation was also performed for 2002.
Results from the analytical approach and a full AERMOD calculation are shown in Fig. 8. The analytical approach took 3.8 s to
execute and required a one-off 10 s AERMOD point source parameterization run. The full AERMOD area source calculation took
4.5 h.6 The rapid analytical approach yielded a 99.98% computation
time saving for this case excluding the parameterization run.
The spatially averaged concentration differs by 0.8% between
AERMOD and the rapid analytic approach (found from CcAERMOD D=
CcRapid D). The average error over all receptors is 5.8% (found from
CcAERMOD =cRapid D). The ﬁrst error metric is related to the overall
accuracy of the method in a spatially averaged sense and the second
metric indicates the degree of spatial accuracy.
The angular numerical integration scheme implemented for
Eq. (22) was also used for the Heathrow example. This had an
execution time of 1 h. The spatially averaged concentration differed
from the analytic approach by 0.9% and the average error over all
receptors by 2.7%, while being 950 times slower.
For comparison with BB08, we compare areas in exceedance of
an arbitrarily chosen concentration of cr ¼ 50 mgm3. In BB08 we
found that Receptor LDAA induces a þ1.9% error in exceedance area.
In this paper, the numerical integration scheme [Eq. (22)] relies
upon Receptor LDAA and also the speciﬁed functional form
[Eq. (10)]. An area bias of – 0.9% was found. The analytical approach
[Eq. (26)] relies upon Receptor and Source LDAA, the speciﬁed
functional form, and the smoothing algorithm. The area error in
this case was þ1.1% at the 50 mgm3 level. In the example application given, errors associated with new approximations are of
a smaller magnitude than Receptor LDAA, which is the underpinning approximation.

5
The code was compiled and executed with the Intel Fortran Compiler 10.1.007
on a Mac OS X 10.5.6 computer with eight 2.8 GHz cores and 4 GB 667 MHz DDR2
RAM. A single core was used for execution.

6
AERMOD area source execution times are a function of source size. Execution
times range from 20 min to 8 h for source dimensions on the scale of those
considered in this paper.

Fig. 6. Classic two-dimensional line source solution for wind blowing to the left and
right summed and in comparison with the two-dimensional hypergeometric line
source solution for a ﬁnite line source of length 4000 into the page (arbitrary units).
Concentrations have been normalized.

are shown as the solid lines in Figs. 6 and 7, which correspond to line
and area sources, respectively. The new long-term three-dimensional solutions are also shown.
The three-dimensional solution is based on equally likely wind
directions, so the two-dimensional solution can be conceptualized
as applying to the X – component of the wind direction. As would
be expected, the three-dimensional concentration proﬁle closely
follows the two-dimensional solution though the centre of the area
source (i.e. along Y ¼ 0). While concentrations initially decay in
a quasi-two-dimensional way near the source, the decay law for the
three-dimensional solution must tend towards that of a point
source. The more rapid decay of the three-dimensional solution
away from the source is apparent in Figs. 6 and 7.
To numerically verify the long-term three-dimensional analytical
area source solutions, a ﬁrst order integration scheme for Eq. (22) was
implemented, with integration being performed in an angular sense.
Solutions were found to be identical to within numerical interpolation errors. The numerical integration approach [Eq. (22)] was three
orders of magnitude slower than the analytical approach [Eq. (26)].
To explore the potential for efﬁciency gains from code optimization, the Gauss’ hypergeometric function portion of the code was
implemented in Fortran as a MATLAB shared library. This reduced area
source execution time by a factor of 3.3. By applying compile-time
optimization and implementing the algorithm implied by Eq. (26) in
Fortran, execution time was improved a further 10-fold to 0.17 s.5
5.2. Example application
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Fig. 8. London Heathrow example: NOx concentrations [mgm3] due to a 2 km  2 km area source with a total emission rate of 0.0561 kg(NOx)s1 as calculated by (A) the analytical
area source solution [Eq. (26)] combined with Source LDAA, and parameterized by a point source AERMOD run, and (B) direct AERMOD calculation.

Additional information relating to the numerical errors associated with the rapid analytical methods can be found in the
Supplementary online material. In particular we note that:
(i) the sign of the bias in exceedance area varies with the chosen
threshold concentration, cr, and is generally less than 5% in
magnitude; and
(ii) the absolute error in concentration is less than 10 mgm3 for
over 95% of the modelling domain.
To put these error metrics in context, we compare to results of
UK Department for Transport (2006), which evaluated the quality of
several advanced dispersion models applied to Heathrow Airport.
Model estimates of the land area in exceedance of the EU annual
average NO2 limit value of 40 mgm3 varied by a factor of 1.6. This
variation is attributable to differences in dispersion modelling, as
a consistent emissions inventory was applied. As such, the additional errors introduced by the rapid analytical methods introduced
here – typically less than 5% for an exceedance area – are small
compared to modelling uncertainty.
6. Conclusions
The computational cost associated with the current generation of
dispersion models can be prohibitive in the context of large-scale
national or international policy assessments, where air quality
predictions at thousands of sites may be required. We are working
towards assessing the local air quality and health impacts of airports
globally, which motivates our development of rapid modelling
techniques for estimating long-term mean pollutant concentrations.
As the computational cost of current dispersion models is most
acute for ﬁnite sources rather than point sources, and since line and
area sources are most appropriate for representing runways, terminal

areas, roads, etc., we have focused on developing new mathematical
and algorithmic techniques for their treatment. Analytical solutions
were developed for estimating long-term mean dispersion from line
and area sources under isotropic meteorological conditions. The
solutions are based on Gauss’ hypergeometric function, for which
algorithms are well-developed. The isotropic assumption is then
relaxed by parameterizing the solution with a single point source run
using an existing advanced dispersion model.
In a Heathrow Airport example the rapid method parameterized by
AERMOD resulted in a 5.8% average concentration error over all
receptors (relative to direct AERMOD application), or an overall 0.8%
error in spatially averaged pollutant concentration. These errors are an
order of magnitude lower than dispersion modelling uncertainty.
However, this may not hold in all applications or with all models. The
analytical approach was 99.98% faster than a full AERMOD calculation.
This level of computational efﬁciency gain may make possible widescale airport air quality analyses, as is the aim of the work. The approach
is similarly suited to any dispersion application related to long-term
average concentrations due to line and area sources, where errors on
the order of a few percent compared to the parameterizing model are
acceptable and/or where analyses are only possible given the 3–4
orders of magnitude computation saving afforded by this approach.
In future work we will further develop the analytical modelling
techniques and examine applications to airports speciﬁcally,
including the inﬂuence of aircraft plume dynamics on local
dispersion and treatment of elevated releases.
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Appendix A. Supplementary data
Supplementary data associated with this article can be found in
the online version, at doi:10.1016/j.atmosenv.2009.03.032.
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